We consider a relative Fourier-Mukai transform defined on elliptic fibrations over an arbitrary base scheme. This is used to construct relative Atiyah sheaves and generalize Atiyah and Tu's results about semistable sheaves over elliptic curves to the case of elliptic fibrations. Moreover we show that this transform preserves relative (semi)stability of sheaves of positive relative degree.
Introduction
In [4] we defined a relative Fourier-Mukai transform on elliptic K3 surfaces. A relative Fourier-Mukai transform for abelian schemes had been considered by Mukai [13] generalizing his previous definition holding for abelian varieties [12] . The case of (absolute) transforms for K3 surfaces can be found in [3] and [14] .
In [10] a relative Fourier-Mukai transform was introduced on elliptic fibrations p: X → B over an arbitrary normal base scheme B (see also [5, 6] for the case of elliptic surfaces and that of elliptic fibrations over smooth bases). In this paper we prove that this transform preserves the relative stability of the sheaves on X of positive relative degree. This, together with the results in [10] , generalizes to elliptic fibrations the classical theory of moduli spaces of vector bundles on elliptic curves [1, 16] .
As it is well known, every indecomposable vector bundle over a smooth elliptic curve C is semistable, and stability holds if and only if rank and degree are relatively prime. This result is proved in [16] by showing that the Atiyah bundle A n on C is semistable. The Atiyah bundle A n is the rank n indecomposable vector bundle defined inductively by the exact sequence 0 → O C → A n → A n−1 → 0 where A 0 = O C . These constructions carry over to the case of elliptic curves with a singular point. As a direct consequence of this characterization, the moduli space of semistable bundles of rank n and degree d is naturally isomorphic to the symmetric product S h C, where h is the g.c.d. of n and d.
It turns out that these results can be extended to the case of elliptic fibrations as it is shown in [10] and in the present paper (see also [5, 6] ). In our construction the relative Fourier-Mukai transform plays a central role. In particular, this transform allows us to give a natural definition of the relative rank i Atiyah sheaf A i (Prop. 2.9 and Def. 2.11) and to obtain explicitly the isomorphism between the compactified relative JacobianJ n of (flat families of) torsion-free, rank 1 and degree n sheaves and the moduli space M(n, −1) of rank n relatively stable sheaves of degree −1 (Cor. 3.6).
Moreover, the results in this paper provide a kind of duality between the following functors.
(1) The first functor will be denoted by F i X (n, d); it associates to every scheme S over B the scheme parametrizing exact sequences of sheaves on
where L is torsion-free, of rank 1 and relative degree zero and E n , E n−i are relatively stable sheaves of relative degree d ≥ 0 and rank n and n − i, respectively.
(2) The second functor, denoted by H i X (r, d), associates to S the scheme parametrizing the exact sequences of sheaves on
where E r , E ′ r are relatively stable sheaves of rank r and K(x) has length i on every fibre and is concentrated on the image x(S) of a section x: S ֒→ X S of p S ; d denotes the relative degree of E r .
In Theorem 4.3 we prove that the Fourier-Mukai transform establishes an isomorphism between the functors F i X (n, d) and H i X (d, −n), where X is the compactified relative Jacobian of X.
Preliminaries
Let p: X → B be an elliptic fibration, where B is a normal algebraic scheme over an algebraically closed field, and the fibres of the projection p are geometrically integral Gorenstein curves of arithmetic genus 1. We also assume that p has a section e taking values in the smooth locus of p. We write H = e(B); this is a relative polarization. We shall also denote by X t the fibre of p over t ∈ B.
The sheaf ω = R 1 p * O X is a line bundle on B. By relative duality, ω ≃ (p * ω X/B ) * , where ω X/B is the relative dualizing sheaf, and also ω X/B ≃ p * ω −1 .
We denote by X the compactified relative Jacobian of X. This is the scheme representing the functor which to any scheme morphism f : S → B associates the space of equivalence classes of S-flat sheaves on p S : X × B S → S, whose restrictions to the fibres of f are torsion-free, of rank one and degree zero; two such sheaves F , F ′ are considered to be equivalent if F ′ ≃ F ⊗ p * S N for a line bundle N on S (cf. [2] ). There is a natural isomorphism of B-schemes
where m x is the ideal sheaf of the point x in X t . The section e induces then a sectionê of p: X → B whose image is a relative polarization Θ. We can normalize the Poincaré sheaf P on X × B X so that
One has
where J is the ideal of the graph γ: X ֒→ X × B X of ̟: X → X and q = p • π =p •π. Then P is flat over both X an X. Moreover, one has:
Lemma 2.1. The dual P * of the Poincaré sheaf is flat over both factors and P is reflexive, that is, P ≃ P * * .
Proof. One has Ext 1 O X t (P ξ , O Xt ) = 0 for every point ξ ∈ X (where t =p(ξ)), as it was proved in Lemma 0.4 of [8] . Now, by Theorem 1.10 of [2] , Ext
(P, O X× B X ) = 0, and the base change property for the local Ext's ( [2] , Theorem 1.9) implies that (P * ) ξ ≃ (P ξ ) * for every point ξ ∈ X. By applying once more Theorem 1.9 of [2] , we have that P * is flat over X. After interchanging the roles of X and X, we obtain that P * is flat over X as well. Then, P * defines a morphism ι: X → X that maps any rank-one torsion-free zero-degree coherent sheaf F on a fibre X t to its dual F * . Thus, (1 × ι) * P ≃ P * ⊗π * N for some line bundle N on X, which turns out to be trivial. Then
The morphism ι • ι: X → X is the identity on the relative Jacobian J(X/B) ⊂ X; by separateness ι • ι = Id, and the isomorphism (3) implies P ≃ P * * .
As a consequence, every coherent sheaf F on X × B S flat over S whose restrictions to the fibres of X × B S → S are torsion-free and of rank one and degree zero is reflexive, F ≃ F * * . For any morphism S → B of algebraic varieties we define the (relative) Fourier-Mukai transform as the functor S S :
where D − denotes the derived category of coherent sheaves consisting of complexes bounded from above, and a subscript S denotes base change to S, so that X S = X × B S etc.) given by
π: X × B X → X andπ: X × B X → X being the natural projections. We can also define the Fourier-Mukai transforms of a single sheaf F as
In this case we write F = S i S (F ). Several results that were proved in [4] in the case of elliptic K3 surfaces also hold under the conditions of the present paper. For the reader's convenience we recall here some of them; further details can be found in [4] . Proposition 2.2. Let F be a sheaf on X S , flat over S. The Fourier-Mukai transforms S i S (F ) are S-flat as well. Moreover, for every morphism g: T → S one has g * X
, where g X : X T → X S , g X : X T → X S are the morphisms induced by g. Let f : S → B be a morphism and L a coherent sheaf on X × B S flat over S whose restrictions to the fibres of p S are torsion-free and have rank one and degree zero. Let φ: S → X be the morphism determined by the universal property, so that
S N for a line bundle N on S. Let Γ: S ֒→ X S be the graph of the morphism ι • φ: S → X, where ι is the natural involution of X induced by the operation of taking the dual.
Lemma 2.11 of [4] takes now the form:
(1) S 0 X (P) = 0 and S 1 X (P) ≃ ζ * p * ω, where ζ: X ֒ → X × B X is the graph of the morphism ι.
We also recover Corollary 2.12 of [4] :
where
By reversing the roles of X and X, and using the sheaf
and the corresponding functors S i S , i = 0, 1. Proceeding as in Theorem 3.2 of [4] , and taking into account Lemma 2.3, we obtain an invertibility result:
Proposition 2.6. Let F be a rank n coherent sheaf on X S , flat over S, of relative degree d. The relative Chern character of the Fourier-Mukai transform
Proof. To compute the relative invariants of S S (F ) we take for S a point t ∈ B. The morphism X t × X t → X t is a local complete intersection morphism in the sense of [9] , so that one can apply the Riemann-Roch theorem for singular varieties applies (Corollary 18.3.1 of [9] ) .
We shall denote by d(F ) the relative degree of a sheaf F and by µ(F ) = d(F )/rk (F ) its relative slope.
1 The present definition of the functorŜ is slightly different than in [4] due to the presence of the factor
Proceeding as in ([1] , Theorem 5, or [16] ) (cf. also [8] , Lemma 3.1), one proves the following Proposition, which allows one to define the rank n Atiyah sheaf on a fibre X t .
Proposition 2.9.
1. For every n ≥ 0, there exists a unique torsion-free indecomposable rank n and degree 0 sheaf A
2. Every torsion-free indecomposable sheaf on X t is semistable.
Proof. One applies Corollary 2.4 to the exact sequence in Proposition 2.9 and uses induction.
Then, by the invertibility of the Fourier-Mukai transform, we have A
). This motivates the following: Definition 2.11. The relative rank n Atiyah sheaf associated with the fibration p: X → B is the sheaf
The factor p * ω is introduced so that A 1 ≃ O X .
Preservation of stability
In this section we prove that the Fourier-Mukai transform preserves the (semi)stability of sheaves of positive relative degree. The zero degree case is somehow more delicate and has been treated separately in [10] . When considering sheaves on the total spaces of elliptic fibrations we shall need the notions of "relative torsion-freeness" and "relative (semi)stability". The first means that the sheaf is flat over the base and torsion-free when restricted to any fibre, while the second means that it is pure-dimensional and the restriction to any fibre is µ-(semi)stable in the sense of Simpson [15] .
We start by proving that relatively semistable sheaves of positive degree are WIT 0 ; it is sufficient to consider a single fibre X t . Lemma 3.1. Let F be a torsion-free semistable sheaf of degree d > 0 on X t . Then
Proof. Since the dualizing sheaf of X t is trivial one has H 1 (X t , F ) * ≃ H 0 (X t , F * ). Let σ be a section of F * . From the exact sequence
The composition of 0 → F → F * * and σ * is the zero morphism due to the semistability of F . Then 0 → F → F * * factors through K * and F * * /K * has zero-dimensional support. This implies σ * = 0 and then σ = 0.
This Lemma is not enough to prove that semistable sheaves of positive degree are WIT 0 since we need the vanishing of the first cohomology group for all sheaves F ⊗ P ξ where ξ ∈ X t ; when ξ is a singular point of X t the sheaf F ⊗ P ξ may fail to be torsion-free of positive degree. We need indeed a few additional results.
Given a torsion-free sheaf F on X t , let us denote by F (−x) the kernel of the morphism F → F ⊗ κ(x) → 0; we then have exact sequences:
where T (F ) is a torsion sheaf concentrated at x.
Lemma 3.2. If F is indecomposable, then F (−x) is indecomposable as well.
Proof. The statement is trivial if x is a smooth point; we then assume that x is the singular point. One has 0 → T → m x ⊗ m * x → O → 0 where T is concentrated at x and then an exact sequence
with P (F ) concentrated at x as well. Let us first prove that F (−x) is semistable. If F (−x) is not so, there is a torsion-free quotient F (−x) → G → 0, and
where d and n are the degree and rank of F and m(F ) = dim H 0 (X t , F ⊗ κ(x)) ≥ n with equality only if F is locally free at x.
We have m x ⊗ F → G → 0 and then m x ⊗ m * x ⊗ F → G ⊗ m * x → 0. If we mod the torsion out, we have an epimorphism
As F is semistable (Proposition 2.9) we obtain
+ 1 so that m(F ) < n which is absurd. This proves that F (−x) is semistable.
If F (−x) decomposes as a direct sum, each summand G has the same slope, µ(G) = µ(F (−x)). Since the summands are also quotients, proceeding as above we have µ(
so that m(F ) = n. Then F is locally free at x, which implies that F (−x) = m x ⊗ F . It follows that m x ⊗ F is decomposable; hence m x ⊗ m * x ⊗ F is decomposable as well, and so is F because it is the quotient of m x ⊗ m * x ⊗ F by its torsion (eq. 4). Lemma 3.3. Let F be a torsion-free indecomposable sheaf on X t of rank n > 1 and degree d > 0. There exists an exact sequence
where F ′ is torsion-free and direct sum of indecomposable sheaves of positive degree.
Proof. The existence of such an exact sequence where F ′ is torsion-free is equivalent to the existence of a nowhere vanishing section in H 0 (X t , F ). If V is the subscheme of P [H 0 (X, F )] obtained as the union of the schemes P [H 0 (X, F (−x))] for all x ∈ X, we have to prove that P [H 0 (X, F )] − V is not empty. Since H 1 (X t , F ) = 0 by the previous Lemma, dim P [H 0 (X, F )] = d − 1, and we have only to show that dim
is semistable by the previous Lemma and Proposition 2.9, and V = ∅. We can then assume
is indecomposable by Lemma 3.2, Proposition 2.9 applies to give
n is the rank n Atiyah sheaf on X t . It follows that dim
n for a point x ∈ X t , then F is locally free so that x is a smooth point and F ≃ A (t) n ⊗ O Xt (x). This proves that the point x is uniquely determined by F , and then dim V = 0 which finishes the proof since d − 1 = n − 1 > 0 in this case.
If F ′ is not indecomposable its summands have all positive degree, otherwise they would destabilize F , which is semistable by Proposition 2.9.
Lemma 3.4. Let L be a torsion-free, rank 1 sheaf on X t of degree d ≥ 1. Then H 1 (X t , L⊗ P ξ ) = 0 for every ξ ∈ X t .
Proof. Let us write x 0 = e(t). We have L ≃ m x ((d + 1)x 0 ) and P ξ = m y (x 0 ) for certain points x ∈ X t , y ∈ X t . If either x = y or x = y and x is a smooth point, L t ⊗ P ξ is torsion-free of degree d and then H 1 (X t , L t ⊗ P ξ ) = 0 by Lemma 3.1. If x = y and x is a singular point, Proof. We deal with the semistable case, the stable case differing only by some inequalities which become strict. We first prove that F is WIT 0 . We can assume that T is a point, i.e. we restrict to a fibre X t . Since the case of pure dimension 0 is trivial we can assume that F is torsion-free. We proceed by induction on the rank n of F , the case n = 1 being the previous Lemma. We can assume that F is indecomposable. By Lemma 3.3 and Proposition 2.9 there is an exact sequence as in Eq. (5) where F ′ is a direct sum of torsion-free and semistable sheaves of rank less than n and positive degree. By induction F ′ is WIT 0 and by Corollary 2.4 O Xt is WIT 1 and O Xt = κ(ê(t)). Then we have an exact sequence
is concentrated at the smooth pointê(t). By Lemma 3.1, S 1 t (F ) = 0 and F is WIT 0 .
The sheaf F = S 0 t (F ) has rank d(F ) > 0 by Proposition 2.6 and is WIT 1 . All of its subsheaves are WIT 1 as well so they cannot have zero-dimensional support; it follows that F is torsion-free. Let us consider an exact sequence 0 → E → F → G → 0 with G semistable. By applying the inverse Fourier-Mukai transform one obtains that E is WIT 1 and that there is an exact sequence
Then S 1 t G and N are WIT 0 , and we obtain exact sequences
so that S 0 t G is WIT 1 , and one has
We can exclude the case d(E) = 0 (otherwise E is a subsheaf of F of rank zero). Finally, if d(E) < 0 we can apply Corollary 2.7 to obtain µ(E) ≤ µ( F) which proves the semistability of F .
As a side result we show that the relative Fourier-Mukai transform provides a characterization of some moduli spaces of relatively stable bundles. Let J n → B be the relative Jacobian of invertible sheaves of relative degree n andJ n → B the natural compactification of J n obtained by adding to J n the B-flat coherent sheaves on p: X → B whose restrictions to the fibres of are torsion-free, of rank one and degree n [2] . Theorem 3.5 gives: Corollary 3.6. Let N be an invertible sheaf on X of relative degree m, and let M(n, nm − 1) be the moduli space of rank n relatively µ-stable sheaves on X → B of degree nm − 1. The Fourier-Mukai transform induces an isomorphism of B-schemes
Flag schemes and Hecke correspondences
As a first application of the above results we construct the relative Hecke correspondences over an elliptic fibration, showing also how, via Fourier-Mukai transform, they relate to some varieties parametrizing flags of relatively stable sheaves.
Flag schemes
We consider exact sequences
of sheaves on a fibre X t , where L is torsion-free, of rank 1 and degree zero, A
i is the rank i Atiyah sheaf on X t and E n , E n−i are torsion-free and stable of degree d ≥ 0 and rank n and n − i, respectively.
We construct a moduli scheme F i (n, d) parametrizing such exact sequences. The relevant functor of points is defined as follows: for every B-scheme S → B, let F i (n, d)(S) be the set of all exact sequences
of sheaves on X S → S, where L is relatively torsion-free rank 1 and zero degree, A i is the rank i relative Atiyah sheaf (Definition 2.11), and E n , E n−i are relatively torsion-free and stable sheaves of degree d ≥ 0 and rank n, n − i respectively. Two such sequences
We assume that n, d are coprime, so that M(n, d) is a fine moduli scheme (consisting only of stable sheaves) and there is a universal sheaf 
Proof. Let us write
, and denote by π jk the projection of Y X onto the product of the jth and kth factors. By (1.1) of [2] there exists a coherent sheaf H on Y such that for every morphism S → Y and every quasi-coherent sheaf F on S one has
functorially in F . If q: P = Proj S(H) → Y is the associated Grothendieck projective bundle, there is a universal epimorphism q * H → O P (1). According to Eq. (7) this yields a universal morphism of sheaves on [2] there is a subscheme V of P parametrizing the points T → P such that coker φ T is flat over T and relatively torsion-free of rank n − r. The subscheme of V determined by the points where coker φ is semistable is the desired scheme F r (n, d).
We call F i (n, d) the flag scheme of order i of p: X → B. We have scheme morphisms
defined by π n (0 → L ⊗ A i → E n → E n−i → 0) = (L, E n ), ϕ n (0 → L ⊗ A i → E n → E n−i → 0) = E n−i . By proceeding as in the proof of Lemma 3.3 one sees that if n ≥ 2 then π −1 n (ξ, E n ) is not empty for every geometric point (ξ, E n ) ∈ X t × M(n, d) t .
Relative Hecke correspondences
Let G r be a torsion-free sheaf on X of rank r and relative degree m < 0.
Definition 4.2. A higher modification of length i ≤ r at a point x ∈ X is an exact sequence
where G ′ r is a torsion-free sheaf of rank r and K(x) is a coherent torsion sheaf of length i concentrated at x.
The sheaf G ′ r has degree m−i < 0. We shall construct a B-scheme H i (r, m) parametrizing the length i higher modifications.
We define now the relevant functor of points. For every morphism S → B we let H i (r, m)(S) be the family of all exact sequences 0 → G r → G between the flag scheme and the length i Hecke correspondence.
